EXPONENTIAL SUMS ON A 



ALAN ADOLPHSON AND STEVEN SPERBER 



Abstract. We discuss exponential sums on affine space from the point of 
view of Dwork's p-adic cohomology theory. 



1. Introduction 

Let p be a prime number, g = p", Fq the finite field of q elements. Associated to 
a polynomial f £ Fq[xi, . . . , Xn] and a nontrivial additive character 4* : ^ 
are exponential sums 

(1.1) 5(A"(F,0,/)= E *(TraceF^./F,/(a;i,... ,a:„)) 



xi,... ,x„eF i 



and an L-function 



(1.2) L(A", f;t) = exp(^ 5(A"(F,0, f)j 

Let d = degree of / and write 

f ^f^'^+f^'~''> + ■■■ + . f'"\ 

where f^^^ is homogeneous of degree j. A by now classical theorem of Deligne[|[ 
Theoreme 8.4] says that if {p, d) = 1 and /^'*-' = defines a smooth hypersurface 
in P""-'^, then L(A", /; i)*^^^)" is a polynomial of degree {d — 1)", all of whose 
reciprocal roots have absolute value equal to g"/^. This implies the estimate 

(1.3) |5(A"(F,0,/)| < (d-l)V"/2. 

In this article, we give a p-adic proof of the fact that L(A", /; i)^"^^"^'^ is a 
polynomial of degree {d — 1)" (equation (2.14) and Theorem 3.8) and give p-adic 
estimates for its reciprocal roots, namely, we find a lower bound for the p-adic New- 
ton polygon of L(A", /; t)*^^^) (Theorem 4.3). Using general results of DeligneQ, 
this information can be used to compute ^-adic cohomology and hence again obtain 
the archimedian estimate (1.3) (Theorem 5.3). 

For Theorems 3.8 and 4.3, we need to assume only that {df^'^^ /dxi}f^i form a 
regular sequence in Fq[xi,... ,Xn] (or, equivalcntly, that {df'''^^/dxi}^^i have no 
common zero in P""-'^). When {p,d) = 1, this is equivalent to Deligne's hypoth- 
esis. When d is divisible by p, there are only a few cases satisfying this regular 
sequence condition. We check them by hand in section 6 to prove the following 
slight generalization of Deligne's result. 
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Theorem 1.4. Suppose {df'-'^^/dxi}^^^ form a regular sequence in Fq[xi, . . . , Xn]- 
Then L(A", f;t)^~^^ ^ is a polynomial of degree [d — 1)", all of whose reciprocal 
roots have absolute value equal to g"/^. 

In the article we dealt with exponential sums on tori. After a general coor- 
dinate change, one can, by using the standard toric decomposition of A", deduce 
most of the results of this article from results in . Our main purpose here is to 
develop some new methods that will be more widely applicable. For instance, recent 
results of Garcfa[^ on exponential sums on A" do not seem to follow from 

In contrast with , we work systematically with spaces of type C (6) (convergent 
series on a closed disk) and avoid spaces of type L{h) (bounded series on an open 
disk) . This ties together more closely the calculation of p-adic cohomology and the 
estimation of the Newton polygon of the characteristic polynomial of Frobenius, 
eliminating much of section 3 of |^ . 

Another new feature of this work is the use of the spectral sequence associated 
to the filtration by p-divisibility on the complex ^'(j^y^ (section 3 below). Although 
the behavior of this spectral sequence is rather simple in the setting of this article 
(namely, = E'li^ for all r and s), we believe it will play a significant role in 
more general situations, such as that of Garci'a|^. We hope the methods developed 
here will allow us to extend the results of this article to those situations. 



2. Preliminaries 

In this section, we review the results from Dwork's p-adic cohomology theory 
that will be used in this paper. 

Let Qp be the field of p-adic numbers, C,p a primitive p-ih root of unity, and 
= Qp(Cp)- The field fii is a totally ramified extension of Qp of degree p — 1. 
Let K be the unramificd extension of Qp of degree a. Set fig = K{C,p). The Frobe- 
nius automorphism x ^ x^ oi Gal(Fg/Fp) lifts to a generator r of Gal(ilo/rii)(— 
Gal(if/Qp)) by requiring r(Cp) = Cp- Let ^2 be the completion of an algebraic clo- 
sure of r^o- Denote by "ord" the additive valuation on 17 normalized by ord p = 1 
and by "ordg" the additive valuation normalized by ord^ 5=1. 

Let E{t) be the Artin-Hasse exponential series: 

Let 7 S r^i be a solution of Yl^a^^ Iv^ — satisfying ord 7 = l/(p — 1) and 
consider 

C30 

(2.1) e{t)^E{^t) = Y,\t 

2 = 

The series Q(fy is a splitting function in Dwork's terminology Q. Furthermore, its 
coefRcients satisfy 

(2.2) ord A, > i/(p- 1). 

We consider the following spaces of p-adic functions. Let & be a positive rational 
number and choose a positive integer M such that Mh/p and Md/{p — 1) are 
integers. Let tt be such that 

(2.3) TT —p 
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and put Qi = CIi{-!t), = ^oi^^)- The element tt is a uniformizing parameter 
for the rings of integers of fli and (Iq. Wo extend t € Gal(rJo/f^i) to a generator 
of Gal(17o/fii) by requiring T{n) = n. For u = {ui, . . . G R", we put \u\ = 
wi H \- Un- Define 

(2.4) C(&) = <^ ^u'r*^''l"lx" lAuG^o and A„ ^ as 

For ^ = EueNn ^uTT^'-l^la;" G C(6), define 

ord ^ = min {ord Ay,}. 

Given c G R, we put 

C{b,c) = U G C(&) I orde > c}. 

Let / = J2u ('•uX" G K[xi, . . . ,Xn] be the Teichmiiller lifting of the polynomial 
/ G Fq[xi, . . . , Xn], i- e., (a„)' = o„ and the reduction of / modulo p is /. Set 

(2.5) F{x) =l[e{aux^), 

U 

a-1 

(2.6) F^{x)^Y[\{e{{a^x^f). 

i=0 u 

The estimate (2.2) implies that F G C(6, 0) for all 6 < l/(p - 1) and Fq G C(6,0) 
for all 6 < p/q{p — 1). Define an operator ij) on formal power series by 

(2.7) ^( ^ A„x") = ^f"^"- 



It is clear that ip{C{b, c)) C C(p5, c). For < 6 < p/{p - 1), let a = il)" o Fq he the 
composition 

C(6) C{b/q) C{b/q) ^ C{b). 

Then a is a completely continuous Qo-linear endomorphism of C{b). We shall also 
need to consider (3 = o ip o F, which is a completely continuous Qi-linear (or 
fio-semilinear) endomorphism of C{b). Note that a = (3°' . 

Set fi = dj I'dxi and let 7j = X]-=o 7^Vp*- ^y the definition of 7, we have 

(2.8) ord 7, > ^ - Z - 1. 

p- 1 

For i = 1, . . . , n, define difii'erential operators by 

(2.9) ^^ = i+^^' 
where 

(2.10) = f; i.p'xi-^n'^x"') ^c[b,^- 

for b < p/{p — 1). Thus Di and "multiplication by Hi" operate on C{b) for b < 
p/{p-l). 



4 



ALAN ADOLPHSON AND STEVEN SPERBER 



To understand the definition of the Di, put 

oo 



i=0 



so that 



Then formally 



u 

F{x) = F{x)/F{xP), 
Fo{x) = F{x)/F{x''). 

a = F{x)-'^ oxl)°-o F{x) 

P = F{x)-'^ OT-'^ otpoF{x). 

It is trivial to check that Xid/dxi and commute up to a factor of p, hence the 
differential operators 

£,-1 ^ ^ , XidF/dxi 

F ' oxi— o F = Xi- h T 

axi oxi p 

formally commute with a (up to a factor of q) and (i (up to a factor of p). Prom 
the definitions, one gets 



i=0 



It then follows that 



XjdF/dxj _ 

^ — Xi-tli , 



which gives 

(2.11) ao XiDi = qXiDiO a, 

(2.12) (iox^D^^px^D^o (3. 

Consider the de Rham-type complex (f2|-,^jj^, D), where 

^c{b) = C{b) dxi^ A • • • A dxi_ 

l<ii<-<ik<n 

and D : ^q^^^,^ ^cV) defined by 



D{^dxi^ A • • • A dxi^) = i ^ A(?) dxi j A dx 



A-- - A dxi^ . 



We extend the mapping a to a mapping a. : ^Q^f,^ ^c(6) defined by linearity 
and the formula 

oiki^dxi^ A--- Adxi^) = q"'~'' a{xi^ ■■■Xi^CldXi^ A--- Adxi^. 
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Equation (2.11) implies that a- is a map of complexes. The Dwork trace formula, 
as formulated by Robba|^, then gives 

n 

(2.13) L(A'VF„/;t) = J]det(/-tofe l^^c(b))'""'^'■ 

/c=0 

From results of Serre|^ we then get 

n 

(2.14) L(A«/F„/;t) = ndet(/-to, |il'=(r!c(,),i?))(-i)''^\ 

fc=0 

where we denote the induced map on cohomology by also. 

3. Filtration by ^-divisibility 

The p-adic Banach space C(fe) has a decreasing filtration {F'^Ci^y\'^^_^ defined 
by setting 

F'-C(6) = { A„7r^'^^l"la;'' G C[h) \ A„ e t^^'O^^ for all u}, 

where Oq^^^ denotes the ring of integers of fio- We extend this to a filtration on 
^C(6) by defining 

l<2i < ■■■<ifc <n 

This filtration is exhaustive and separated, i. e., 

y = and fl = (0). 

We normalize the so that they respect this filtration. Put 

e = M6(d- 1) - Md/{p~l), 
a nonnegative integer. Then 

TT'D.iF'^Cib)) C F'-C(6) 

and the complexes (il'^^f^yD), (il'^^f^yn'^D) have the same cohomology. 

Since (JlJ^^j^^, tt'^D) is a filtered complex, there is an associated spectral sequence. 
Its i?i-term is given by 

El'' = i/'-+^(F'-f7c,(,)/F'-+if7c,(,)). 
Consider the map F^C{b) ¥q[xi, . . . , x^] defined by 

u u 

where Au denotes the reduction of Au modulo the maximal ideal of Ofj^. (Since 
Au — > as M — > oo, the sum on the right-hand side is finite.) This map induces an 
isomorphism 

(3-1) P°^C(b)lF^^C(b) - ^F<,[a;i,...,x„]/F,- 

In particular, 

(3.2) F"C(b)/F'C{b)^Fg[xi,... ,xn]. 
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We have clearly 



■^{F'-Cib)) C F'-+iC(6), 

OXi 



and a calculation show that 

7r^i?i = 7r^''('^-i)/, (modF'Cib)) 

hence under the isomorphism (3.2), the map 

TT^A : F"C(6) -> F"C(6) 

induces the map "multiplication by df^'^^dxi" on Fg[xi,. . . ,a;„]. More generally, 
one sees that under the isomorphism (3.1), the map 

induces the map 

defined by 

where df^'^^ denotes the exterior derivative of f^'^h We have proved that there is an 
isomorphism of complexes of F^-vector spaces 

{F''nc(b)/F'nc^t,),^'D) ~ (Of^[,^,...,,^]/p,^, </,/(.)). 

Since multiplication by w'^ defines an isomorphism of complexes 

{F''ncib),n'D) {F^ncib),^'D), 

we have in fact isomorphisms for all r 6 Z 

(3.3) iF^ncib)/F'-+'^cib),^'D) ^ (Op,^[,„...,,„]/F,, V))- 

The complex {ftp ^ ,4'j(d)) is isomorphic to the Koszul complex on 

Fq[xi,... ,Xn] defined by {df'^'^ydxi}^^^. If we assume {9/*^'^V^^i}?=i form a 
regular sequence in Fq[a;i, . . . , a;„], we get 

(3-4) F'(r!F,[.,,...,.„]/F,, </-/(•*)) =0 fori^^n, 

(3.5) dimF,ff"(np^[,^_..._,^j/p_^,<^/(.)) = {d-ir. 
It follows from these equations that 

(3.6) E['' = iir + s^n 

(3.7) dimp, = (d - 1)" if r + s = n. 

The first of these equalities implies that all the coboundary maps d^'^ are zero, 
hence the spectral sequence converges weakly, i. e., 

El'^ ^ F^H^+%nc^,y,n^D)/F^+'H^+^inc^,y7r^D). 

This spectral sequence actually converges. First observe the following. Let a;'*', 
i = 1, . . . ,{d — 1)", be monomials in xi, . . . ,Xn such that the cohomology classes 
{[x^^* dxi A ■ ■ ■ A dxn\}iti^^ form a basis for //""(Qp^j^^ x„]/f<,''?^/(''))- Then the 
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images of the cohomology classes {[ir^x'^' dxi A • • • Ada;„]} -l^^^ * form a basis 

for when r + s = n. 

Theorem 3.8. Suppose {df^'^ydxi}'^^-^ form a regular sequence in Fg[a;i, . . . ,a;„]. 

Then 

(1) 7^'(O^(,),7^^I?)=0^/^^^^, 

(2) The cohomology classes [x^^* dxi A • • • A rfa;„], i = 1, . . . ,{d — 1)", form a basis 
forH^{Qc^,^,TrW). 

Proof. Suppose i ^ n and let r\ £ ^^c{h) ''^ith Ti^D{ri) = 0. For some r we have 
?7 e i^TJ^^;,^. Equations (3.3) and (3.4) then imply that 

with rji G FTip^j^^ and Ci £ -^'^^c(6)- Suppose that for some t > 1 we have found 
r]t e ^"'f^c(6) a-^d Ct e F''^i^(i) such that 

(3.9) 7? = Tr% + nWiCt) 
and such that 

Ct - Ct-1 e 

Applying tt'^D to both sides of (3.9) gives 

7r'+W{r^t) = 0, 

hence ir'^Dijjt) = since multiplication by tt is injective on i^Q^^f^y Equations (3.3) 
and (3.4) give 

rjt =7rr/t+i+7r'Z)(Ct'+i), 

with rjt+i e i^''f^^(b) and C^+i G ^® P^* Ct+i = Ct + T^^Ci+i, then 

substitution into (3.9) gives 

r? = 7r*+St+i+7r^£»(Ct+i) 

with 

It is now clear that the sequence {Ct}tS:i converges to an element C G FTJ^^^^ such 
that rj = 7r'^D{C). This proves the first assertion. 

It follows easily from (3.3) that the {[x*^^ dxi A ••• A dxn]Yi^^^ linearly 
independent, hence it suffices to show that they span H'^{n'^^^yTr'^D). Let r] G 

(d-ir 

V= ^ 4^^x^'dx-iA---Adxn+TTm+-^^D{C-i), 

i=l 

where G Oq, cf ^a;'*' G F'^C(6), ??i G J^''^^^^^, Ci e F'-Q'^-^y Suppose we can 
write 

(d-ir 

(3.10) V= cf^x>''dxiA---Adxn + n'r]t+TT'D{Ct) 

i=l 
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with cf^ e no, cfx^"^ e F-'Ci^h), Tjt e F'-n'^^^y and Ct e ^''^f^cw such that 



^n— 1 



By (3.3) we have 



{d-ir 

r/t = ^ c-x^' dxi A • • • Adx„ + 7r?7t+i +7r'i:)(Ct), 

where ^ e f2o, c^a;''' e ^'"^(6), 77*+! G F'-flJ^^^, Ct' e ^^'^^cibV put cf+'^ 

cf ^ + 7r*c- and Cf+i = Ct + ^*Ct, then 

(d-l 

1] = 



1=1 

with 



g F''+*C'(&) 

Ct+1 - Ct e F^'^^^ri'lr^^y 

^(*)\oo /A Too 00,. ^(*) 



It foUows that the sequences {c\ and {CtlJ^i converge, say, cl ^ Ci G 

i that 

(d-i)" 



^OjCt ~* C G '^'^^c(f))' ^""^"^ these Hmits satisfy 



V 



= ^ Cio;'"' dxi A • • • A da;„ + 7r^£'(C) 



with Cix'^' G F^C{b). This completes the proof of the second assertion. 
The foUowing result is a consequence of the proof of Theorem 3.8. 

Proposition 3.11. Under the hypothesis of Theorem 3.8, if rj ^ F'^Vl'^^^-^, then 
there exist {ci}^^^^^^ C Q.q such that in H"(fl'^,f^^,n'^D) we have 



C(b)' 



[77] — [cix'^' A • • • A dxn], 



i=l 



where c.x''^ G F''C{b) for i = 1, . . . , {d - I)" . 

4. p-ADIC ESTIMATES 

It follows from (2.14) and Theorem 3.8 that 

(4.1) i(A", /; t)(-i)"+' = det(/ - to„ | H^nc^.^D)) 

is a polynomial of degree (d — 1)" (by zero is not an eigenvalue of «„). We 
estimate its p-adic Newton polygon. Note that 

^"(^^F,[.„... ,.„]/F,, ) ^ Fjxi, . . . , x„]/{df^^^/dx^, . . . , df^'^dx^) 

is a graded Fq[xi,... ,x„]-module. Let _ff"(ilp ^ ,0^(d))(™) denote its 
homogeneous component of degree m. It follows from (3.4) that its Hilbert-Poincare 
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series is {1 + t-i h t''"^)". Write 

n{d-2) 

(4.2) = Umf- 



m— 



SO that 



Equivalently, 



Urn = dimp, -ff"(f^F,[a;i,... ,x„]/F <!> fW ) 



Um = card{a;^' | = m}. 



(m) 



Theorem 4.3. Suppose {df^'''^/dxi}^^i form a regular sequence in Fq[xi, 



Then the Newton polygon o/L(A", /; t)^^^'^ with respect to the valuation "ordg " 
lies on or above the Newton polygon with respect to the valuation "ordg " of the 
polynomial 

n(d~2) 
m=0 



We begin with a reduction step. Let /3„ be the endomorphism of H'"' {fl'^ D) 
constructed from f3 as q;„ was constructed from a, i. e., 

Pn{£, dxi A • • • A dxn) = Pixi ■ ■ ■ Xni) dxi A • ■ • A dXn- 

^1 ' ' ' 

Then /3„ is an fli-hnear endomorphism of H"{il'^^i^y D) and a„ = {PnY ■ By [|[ 
Lemma 7.1], we have the following. 

Lemma 4.4. The Newton polygon of det^^^ { I — ta.n \ iJ"(rip^jjp Z?)) with respect 
to the valuation "ord^ " is obtained from the Newton polygon of detj^^ (/ — i/3„ | 
H"{Q'^f^j^y D)) with respect to the valuation "ord" by shrinking ordinates and ab- 
scissas by a factor of 1/ a. 

Let {7j}j^i be an integral basis for fig over f2i. Then under the hypothesis of 
Theorem 3.8, the cohomology classes 

[7jx'^' dxi A • • • A dx„], i = 1, . . . , (d - 1)", j = 1, . . . , a, 

form a basis for H'"- {il'^ ^^^y D) as J7i-vector space. We estimate p-adically the entries 
of the matrix of /3„ with respect to a certain normalization of this basis, namely, 
we set 

and use the cohomology classes («, j) A • • • A dxn] ■ This normalization is chosen 
so that 

xi ■ ■■Xn£.{i,3) e C{b/p,Qi), 

hence 

/3(a;i-..a;„e(i,i)) GC(6,0) 

and 

i /3(xi • • • Xn^i, j)) G 7r^''"C(6, 0). 

•^1 ' * ' 
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This says that 



'0(6)' 

hence by Proposition 3.11 and the properties of an integral basis we have 
da;i A • • • A dXn)] = ^ A{i',j'; i,j)['yj'X^'' dxiA--- A dXn] 

with A{i',j';i,j)'yj,x''i' € F^'"'C{b), i. e., A{i',f;i,j) e This 
may be rewritten as 

[Pn{^{i, j) dxi A ■■■AdXn)] =^B{i'j';i,j)[^{i',j')dxi A ■■■AdXn] 

i'J' 

with 

B{i',j';i,j} e TT^^fdA-.H+^jd-i/rt^^^^^ 

i. e., the (i',j')-row of the matrix B{i' of /3„ with respect to the basis 
dxi A - ■ ■ A dxn)]}i,j is divisible by 

^Mb{\n,,\+n){l-l/p)_ 

This imphes that det^^ (/ — 1/3„ | H"'{Cl'^^^^^ , D)) has Newton polygon (with respect 
to the vahiation "ord" ) lying on or above the Newton polygon (with respect to the 
valuation "ord" ) of the polynomial 

n(d-2) 

JJ (1 _ 7r-'^*'(™+")(l-Vp)f)aC^m. 

m=0 

But detQ^(J — tPn I -ff"(^c(6)' -^)) independent of b, so we may take the limit 
as 6 — > p/(p — 1) to conclude that its Newton polygon lies on or above the Newton 
polygon of 

n(d~2) 

(1 _ p("i+n)/<i^^a(7„_ 

m=0 

Theorem 4.3 now follows from Lemma 4.4. 

Let {pi}-!^^^ be the reciprocal roots of L{A", f;t)^~^^"^^ and put 

(d-i)" 

A(/)= n Pi^^iCp)- 

i=l 

Theorem 4.3 implies that 

ordg A(/) > - {m + n)Um- 

m=0 

But it follows from (4.2) evaluated at t = 1 that 

n(d-2) 

^ Um = {d-ir 

and from the derivative of (4.2) evaluated at f = 1 that 

n{d-2) 

^ mf7„ = n((i-l)"(d-2)/2. 

m=0 
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We thus get the foUowing. 

Corollary 4.5. Under the hypothesis of Theorem 4.3, 

ord, A(/) > ^ ^ ' . 

It can be proved directly by p-adic methods that equality holds in Corollary 4.5. 
We shall derive this equality in the next section by Z-adic methods. 

5. I-ABIC COHOMOLOGY 

Let I be a prime, / 7^ p. There exists a lisse, rank-one, Z-adic etale sheaf C^i,{f) 
on A" with the property that 

(5.1) i(A",/;t) = L(A",/:^(/);t), 

where the right-hand side is a Grothendieck L-function. By Grothendieck's Lef- 
schetz trace formula, 

2n 

(5.2) L(A", /; = n det(/ - tF \ i7^(A" Xp, F„ /:*(/)))(-i)'^' , 

i=0 

where denotes Z-adic cohomology with proper supports and F is the Frobenius 
endomorphism. The i?^(A" Xp Fg,£^(/)) are finite-dimensional vector spaces 
over a finite extension Ki of Q/ containing the p-th roots of unity. We combine 
Theorem 3.8 and Corollary 4.5 with general results of DeligneQ to prove the fol- 
lowing theorem of Deligne|^, Theoreme 8.4]. 

Theorem 5.3. Suppose {p, d) = 1 and = defines a smooth hypersurface 
in P"-i. Then _ 

(1) iJ^(A« Xf, F„ £*(/)) = z/z 7^ n, 

(2) dim^, i?,"(A"_ XF, F„ £*(/)) = (d - 1)", 

(3) i7"(A" Xf, Fg, £*(/)) is pure of weight n. 

Proof. We consider the theorem to be known for n = 1 and prove it for general 
n > 2 by induction. For A G Fg, set 

fx{xi, . . . ,Xn-i) = fixi, . . . ,x„_i, A) G Fg(A)[a:i, . . . ,Xn-i]- 

Since the generic hyperplane section of a smooth variety is smooth, we may assume, 
after a coordinate change if necessary, that the hyperplane Xn — intersects the 
variety /^''^ — transversally in P"^^. Thus f^'^\xi,... ,a;„_i,0) — defines a 
smooth hypersurface in P"^^. But 

so by the induction hypothesis the conclusions of the theorem are true for all f\. 

Consider the morphism of Fg-schemes a : A" — > A^ which is projection onto 
the n-th coordinate. The Leray spectral sequence for the composition of a with the 
structural morphism A^ Spec(Fg) is 

(5.4) Hl{A' XF, Fg,i?%, (£*(/))) ^ Hl+^{A" xf, F,, £*(/)). 
Proper base change implies that for A G Fg and A a geometric point over A 

(5.5) (R^miUif)))-^ = Hi{a-\X) Xf,(a) f,.U{fx)). 



12 



ALAN ADOLPHSON AND STEVEN SPERBER 



Applying the induction hypothesis to f\ shows that the right-hand side of (5.5) 
vanishes for all A G Fq if j 7^ n — 1. It follows that the Leray spectral sequence 
collapses and we get 

(5.6) KiA' XF, F„i?"-V, (£*(/))) = ff:+"-i(A" XF, F„ £*(/)). 

Since dimA^ = 1, the left-hand side of (5.6) can be nonzero only for i ~ Q, 1,2. 
However, i?"^^(A" Xf, Fg, £*(/)) = because A" is smooth, afhne, of dimen- 
sion n, and C^{f) is lisse on A". This proves that iJ*(A" Xf, F^,£^(/)) = 
except possibly for i = n, n -I- 1. 
By (5.2) we then have 

. X , .1 det(/-tF I i7"(A" Xf F„, £*(/))) 

^ ^ V ; det (/- I ( A« XF,F„ £*(/))) 

Since -C*(/) is pure of weight 0, Deligne's fundamental theorem[Q tells us that 
iJ"(A" Xf, Fq, £$(/)) is mixed of weights < n. Equation (5.5) and the induction 
hypothesis applied to f\ tell us that i?"^^cr!(£^(/)) is pure of weight n — 1 and that 
all fibers of R^~^a\{C<ii{f)) have the same rank, namely, (d— 1)"^^. It follows from 
Katz0 Corollary 6.7.2] that i?""^! (£*(/)) is lisse on A^. Equation _(5.6) with 
i = 2 now implies, by Deligne|, CoroUaire 1.4.3], that i/^'+i(A" Xf, F,, £*(/)) 
is pure of weight n -I- 1, hence there can be no cancellation on the right-hand side 
of (5.7). However, Theorem 3.8 implies that L(A", /; t)^^^)"^^ is a polynomial of 
degree {d — 1)", so we must have 

i/ri(A" XF, F„/:*(/)) = o 

and 

dim^, i?r(A" Xf, r„ £*(/)) = {d- 1)". 

This establishes the first two assertions of the theorem. 

To prove the last assertion of the theorem, note that \pi\ < g"/^ for every i and 
every archimedian absolute value since ff"(A" Xf, ¥q,C^{f)) is mixed of weights 
< n. Thus we have 

(5.8) |A(/)| <g"''^"'^"/' 

for every archimedian absolute value on Q(Cp)- By Corollary 4.5, we have 

(5.9) |A(/)|p<g-"^'-^^"/' 

for every normalized archimedian absolute value on Q(Cp) lying over p, and it is 
well-known that \pi\pi = 1 for every nonarchimedian absolute value lying over any 
prime p' ^ p. It then follows from the product formula for Q(Cp) that equality 
holds in (5.8) (and also in (5.9)), which implies the last assertion of the theorem. 

6. Proof of Theorem 1.4 
It remains to consider the case where p divides d. The Euler relation becomes 

The regular sequence hypothesis then implies that 



Xi G 



\ dxi ' ' dxi ' ' dxn J 
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hence there is an equality of ideals of Fg[a;i, . . . , a;„] 



(6.1) 



\ dxi ' ' dXn ) 

Conversely, if (6.1) holds, then {9/''''V^'^i}"=i a regular sequence. Equation 
(6.1) implies that d = 2, hence p = 2 as well, thus / is a quadratic polynomial 
in characteristic 2. We may assume / contains no terms of the form xf by the 
following elementary lemma. 

Let (^p be a primitive p-th root of unity. Since \1/ is a nontrivial additive character 
of Fq, there exists a nonzero b GFq such that 



(6.2) 



en 



Lemma 6.3. Let a G Fg, a ^0, and choose c G such that & = (a6) ^ . Th 
*(/(a;i,... ,a;„) + aO = ^ '^{f{xi,...,x„) + acP-^Xn). 

Xi,...,Xn&Fq Xl,...,X„eF, 

Proof. Making the change of variable x„ cx„, the sum becomes 

'^{f{xi,... ,Xn-l,CXn) + b^^xP) = 

xi,... ,a:„eF, 

^{f{xi,... ,x„-i,cx„) + b-^x„)^{b-\xP-Xn)). 

xi,... ,x„eFg 

But by (6.2), 



^{b-\xi-Xn))=Cp 
= 1 



since Trp /p (x^ — a;„) = for all a;„ G Fg. Making the change of variable a;„ 
c~^Xn now gives the lemma. 

By the lemma, we may assume our quadratic polynomial / has the form 

n 

l<i<j<n 



fe=l 



where aij,bk, c G Fg. This gives 



f^^ — ^ ^ dijXiXj. 
l<i<j<n 

Let ^ = (^ij) be the n x n matrix defined by 

(ttij iU <j 
if = j 
if i > j. 



Thus A is a symmetric matrix with zeros on the diagonal. One checks that 



r 0/(2)1 




X\ 


9x1 






= A 




a/(2) 






- dXn _ 







therefore (6.1) holds if and only if det A ^ 0. 
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We now evaluate the exponential sum 
(6.4) 



X] * ( aijXjXj + bkXk + c j ■ 

i,...,a;„eF, ^l<i<j<n fc=l ' 



Proposition 6.5. Ifn is odd, then (6.1) cannot hold. Ifn is even and (6.1) holds, 
then the sum (6.4) equals Qq^^"^, where C, is a root of unity. 

Proof. If n. = 1, then det A = 0, so (6.1) cannot hold. If n = 2, then det A if 
and only if a\2 7^ 0. It is then easy to check that the sum (6.4) equals 

^' +c g. 

V ai2 / 

Thus the proposition holds for n = 1,2. Suppose n > 3. The sum (6.4) can be 
rewritten as 

xi,... ,x„_ieF, ^l<i<j<Ti-l fe=l ' a:„eF, ^^j=l ^ ^ 



But 



9 if SIT/ + 6„ = 0, 



hence (6.4) equals 
(6.6) q 



X] * ( X] "u^JiXj + ^ bfcXfe + c j . 

1,... ,x„_ieF<, ^l<i<j<n-l fe=l ' 

Since we are assuming A is invertible, some ain must be nonzero, say, a„_i,„ ^ 
0. By making the change of variable Xn-i >— > (an-i,ri)^^2;„_i, we may assume 
fln-i.n = 1- Solving ainXi + • • • + an-i,nXn-i + ^'n = for Xn-i and substituting 
into the expression in the additive character, we see that (6.6) equals 

n-2 



(6.7) 
where 



X] a'ijXiXj + h'kXk 

<,!,... ,u,„_2ci-g \<i<j<n-2 fe=l 



O-ij — O-ij ~t~ Oi,n—\Ojjn ~t~ l^m* 

Let ^' = (^^^ ) be the (n — 2) x (n — 2) matrix constructed from the a[j as A was 
constructed from the aij. We explain the connection between A and A'. Let A be 
the n X n matrix obtained from A by replacing row i by 

row i + a,„(row n — 1) + ai^„-i(row n) 

for i = 1, . . . ,n — 2. Keeping in mind that an-i,n = 1, we see that 



A = 










■ 


A' 


















0-1,71-1 


0-71-2,71-1 





1 


0-ln 


On-2,n 


1 
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In particular, detA' = det^. We can repeat this procedure starting with the 
sum (6.7) and continue until wc are reduced to the one or two variable case, accord- 
ing to whether n is odd or even. If n is odd, this implies det A = 0, a, contradiction. 
Thus there does not exist a quadratic polynomial / satisfying (6.1) in this case. 
If n is even, this shows that (6.4) equals g"/^ times a root of unity, which is the 
desired result. 

A straightforward calculation using Proposition 6.5 then shows that the corre- 
sponding L-function has the form asserted in Theorem 1.4. 
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